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Scatchard- H it debrand 
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and Triplet Weighting Functions 
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A previous paper introduced the pair-type-probability (PTP) function for use in molecular 
corresponding states theory. The present paper develops the predictive equations of  Scatchard 
and Hildebrand and the correlation equations of Wohl from particular pair and triplet weight- 
ing functions for clusters of two and three molecules in a liquid mixture. The cluster-weighting 
idea therefore unifies the major prediction and correlation schemes now in engineering use. 

In a previous paper ( 1  5 )  the idea of a pair-type-prob- 
ability (PTP) function was introduced and preliminary 
numerical results were given to show that use of this 
idea, together with other flexibilities in molecular cor- 
responding states theory, enabled the theoretical equa- 
tions to serve as correlating expressions for the thermo- 
dynamic properties of highly nonideal mixtures. The 
purpose of this paper is to show that the predictive 
excess free energy equations of Scatchard and Hildebrand 
( 4 )  and the correlation e uations of Wohl (17, IS) may 

function for clusters of 2, 3, . . . molecules in a liquid 
mixture, and therefore that the cluster-weighting idea 

be developed from the i 3 ea of a probability weighting 

Joe D. Wheeler is at Esso Production Research Company, Houston, 
Texas. 

underlies the majority of prediction and correlation 
schemes now in engineering use. 

The cluster-weighting (or cluster-probability function) 
idea enters the various molecular formulations of the cor- 
responding states idea (1, 10, 11, 13, 15, 19), the Scat- 
chard-Hildebrand equations, and the Wohl equations at 
the same point. This point is the expression for the po- 
tential energy of a mixture. All-the equation schemes re- 
ferred to above employ for the mixture a pure-component 
form of the potential ener y function. Except for Wohl 

below), the expression used for the mixture potential en- 
ergy is the pairwise-additive form, 

equations of third and hig a er order (see the discussion 

U X  = C C u x o  ( T i i )  (1) 
i < 5  
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where u,, (rij) stands for the interaction between the ith 
and jtli molecules in a mixture, whatever the species of 
these molecules may be. The pair potential u,, (r i j )  is 
given in applied work by some expression contailling 
empirical parameters, for example, the Lennard-Jones 
form 

Equation (1) is referred to here as a pure-component 
form because, as for a pure component, every term in the 
summation has the same parameter values. 

In all the equation schemes referred to above, the pair 
potential uxx( r i j )  is obtained by taking an average of the 
types of pair interactions that are possible in a given 
mixture. The weighting function used in this average is 
the cluster type of probability function. Where only pair- 
wise interactions itre considered, the clusters are pairs 
and Equation (1) may be expressed as 

(3)  
i < j  a b 

where a and b are used to identify molecular species and 
PTP(a, b )  is the probability weighting function for the 
(a, b )  type of pair interaction, that is, the PTP function 

In the discussion to follow, the Scatchard-Hildebrand 
and Wohl equations for excess free energy will be devel- 
oped by focusing attention on the expression for the po- 
tential energy of a mixture and by making the assump- 
tions usually made in developments of the equations. 
WheeIer (14)  gives details of the algebra that are omitted 
here. Attention will be limited to binary mixtures solely 
to reduce equation bulk. 

( 1 5 ) .  

SCATCHARD-HILDEBRAND EQUATIQNS 

sidered to employ the following weighting function 
The Scatchard-Hildebrand formulation may be con- 

a b  

where Va and V,, are the molar volumes of components 
a and b. The formal lack of resemblance between the 
Scatchard-Nildebrand and corresponding states formula- 
tions seems to result from the manner in which the ex- 
pression for the total potential energy of a mixture is set 
up and the procedure used to obtain numerical results. 

In any binary mixture, there are N1 ( N 1  - 1) / 2  molec- 
ular pairs of type (1, 1 ) ;  there are N1 N 2  pairs of type 
(1 ,2)  and N z ( N 2  - 1)/2 pairs of type ( 2 ,  2 ) ,  where N1 
and N:! are the numbers of molecules of species 1 and 2, 
respectively, in the mixture being considered. The physi- 
cal content of the mixture potential energy expression, 
Equation ( 3 ) ,  is not altered if the terms in the (i, f )  
summation are grouped according to which pair type they 
are associated with. Therefore, Equation ( 3 )  may be re- 
expressed, in combination with Equation (41, as 

e d  
d > N 1  

where the (k, p )  indices are those associated with mo- 
lecular pairs of type (1, l), the (c, d )  indices apply to 
( 1, 2 )  pairs, and the ( s ,  t) indices apply to ( 2 , 2 )  pairs. 

The usual development ( 4 )  of the Scatchard-Hilde- 
brand equations does not employ Equation ( 5 )  but is 
instead expressed in the form of an expected value, - E,, 
for the configurational internal (that is, cohesive) energy. 
This is given by 

exp (- $-) dF1 , . . dTN 

where Cl ,  is the configurational integral for the mixture 
m d  the integration is over the entire volume occupied by 
the mixture. 

Insertion of Equation (5) into Equation ( 6 )  gives 

(7 )  

where 

and the lab's refer to integrals. For example 

ul1(rLp) exp (- s) dTl . . . dfN 
IIN,! C l ,  (9) 

The 2 2 summation in Equation (9) has N l ( N 1  - 1)/2 

terms in it and Equation (9) will consist of N I ( N 1  - 
1) / 2  integrals of the form 

k < v  

where the term in 2 2 that represents the pair formed 

from the first and second molecules has been used in the 
example. Note, however, that the form of the dependence 
of u, 011 /Fk = r k p  is the same for all k < p .  There- 
fore, the integrands of all N 1 ( N 1  - 1)/2 integrals are of 
the same functional form. The integration limits are the 
same for all the integrals. Therefore, all of the N1 ( N 1  - 
l ) / 2  integrals of the form shown above have the same 
numerical value. Then Equation (9) may be expressed as 

1 1 1  = 

k < p  

N 1 ( N 1 -  1 )  
2 

By identical argument the analogous expressions for 112 

and 122 may be obtained. These may be written as 

Page 312 A.1.Ch.E. Journal March, 1967 



It is possible to make the final cohesive energy expres- 
sion more compact by using the generic distribution func- 
tions for mixtures (5 ,  7, 10) .  For example 
n12(2) = nz1(2) 

/ U,) 
exp \- $) 

dl.3 . . . ~ F N  (13) 
= NlN2.f.. . vs a Na! CI, 

Then 1x2 may be written as 

where the sin le integral of Equation (11) has been re- 

index switching on the pair potentials makes no change 
in the integral values and involves no assumption that 
potential energy is unaffected by interchange of molecules 
between locations because each integral considers all 
possible locations of all molecules. 

By a definition entirely analogous to Equation (13), 
Ill may be written as 

written as ha1 B the sum of two equal-vahed integrals. The 

This integral has the form of an expected value of the 
configurational internal energy of all the (1, I) molecular 
pairs in the liquid mixture, that is, an expected value of 
the energy of evaporation of N1 ( N 1  - 1) / 2  such molec- 
ular pairs from the liquid mixture to the ideal gas state 
( 1  3 ) .  To reflect this interpretation, the following notation 
will be defined. 

(AEv')ab l a b  a, b = 1, 2 (15) 

Using Equations (13) through (15) plus the analogous 
relations for the different pair types in Equation (6), we 
can write the mixture cohesive energy as 

a b  

a b  

or by Equation ( S ) ,  plus the usual ( 4 )  assumption of 
no volume change upon mixing, that is, V = xlVr + xzVz, 

- E,  = 

Exact determination of E ,  from Equation (17) requires 
evahation of the integrals in the various l a b  expressions. 
The service of the Scatchard-Hildebrand approach has 
been to provide a prescription, antedating present molec- 

ular corresponding states theory by some 20 years (8, 
12) for obtaining numerical results from the theoretical 
expressions. The prescription is as follows. 

First, define the solubility parameter ( 4 )  of compo- 
nent 1 by 

where the right-hand side of Equation (18) is given by 
Equation (17) with x1 = 1.0. 

(&1)2 v1 = C(A~"")111,,,, (18) 

Second, define &2 by 

(812) v = ( AE"") 12 (19) 
Third, make three assumptions: 

[: (AEV*)ii lpure (AEv")ii 
(20) V1 V 

(21) 
[ (AEVU)221pure (AEV')22 

VZ V 

(W2 = 811 822 (22 )  

- - 

- - 
and 

Equations (17) through ( 2 2 )  give 

n h  

a 

This is the Scatchard-Hildebrand expression, from which 
is derived (3 ,  4 )  the free energy relation. 

(24) 
x1 Vl x!2 v2 (8, - 82)2 

XlV1 + X Z V Z  
FE = 

The viewpoint of the present work is that, aside from 
the assumptions made in Equations (20), (21), and ( 2 2 )  
to permit numerical evaluation, the essential feature of 
the Scatchard-Hildebrand approach is to use molar vol- 
umes to introduce some effect of molecular size into the 
theoretical forms. 

THIRD-ORDER WOHL EQUATIONS 

First of all, it is noted that Wohl's second-order (two- 
suffix) equations may be developed exactly as was Equa- 
tion (24) if Va is everywhere replaced by qa, the effective 
molar volume, and the fittin constants of the Wohl ex- 
pressions are properly define 3 . 

Development of the third-order ( three-suffix) Wohl 
equations involves addition of third-order terms to the 
second-order development. The only thing needed is some 
analytical representation of the fact that if molecules of 
certain species have a relatively strong tendency to cluster 
together amidst the turmoil of thermal motion, triplet as 
well as pair clusters should be considered. Representation 
of triplet effects ai-e included in the Wohl formulation by 
use of a triplet-type-probability (TTP) function analogous 
to Equation (4). 

a b c  

where the q's are Wohl's effective molar volumes and a, 
b, and c index the components of the mixture (a, b, c = 

The third-order Wohl equations consider the interaction 
of triplets of molecules in a mixture. Development of 
these equations may be effected by expressing the total 
potential energy of a mixture as 

1,2. .  . . C). 
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where Utrip (rij, rik, fjk) stands for the incremental poten- 
tial energy of the molecule triplet whose mass centers 
are located at positions Ti, Tj, and &, Incremental here 
means that utrip(rij, rik, r jk)  represents that part of the 
potential energy of the i, i, k triplet that is not given by 
summing the pair potentials of the (i, j ) ,  ( i ,  k), and ( j ,  k) 
pairs. The upair (rij) function in Equation (26) has here 
the same functional form as the uxs(rij) in Equation ( l ) ,  
but the parameter values in the two functions will differ 
because Equations ( 1 )  and (26) are different expressions 
for the same quantity U,. The utrip function is defined 
to have zero value when any two of the molecules in the 
triplet are infinitely separated. This definition seems rea- 
sonable, because triplets having one member at effectively 
infinite separation will contribute to the assembly poten- 
tial energy the potential energy of a single air. But this 

mation. This zero definition for fitrip comports formally 
with theoretical developments of Kihara (6). These de- 
velopments were made for a single triplet of molecules, 
and they suggest the form of Equation (26).  

To reduce the bulk of the equations to be given below, 
parts of them that are formally identical to equations al- 
ready developed will be referred to by the appropriate 
equation number. In the referenced equations, V should 
be replaced everywhere by q. As with Equation ( 5 ) ,  the 
terms in Equation (26) may be grouped according to 
pair and triplet types, and Equation (25)  used, to give 

i < j  
contribution has already been included in t K e 2 2 sum- 

a b  c 

Define 
\ - -  , 

The expression for cohesive energy is Equation (6) ,  
which here may be expressed as 

1 
B3 

- Ec = Eq. (7)  + - [ ( x 1 q d 3  I111 

+ 3 x12q12x~q2 I112 f 3 ~ l q t x 2 ~ q 2 ~  1122 + ( ~ 7 2 ) ~  1 ~ 2 2 1  

(29) 
where the triply suffixed 1's refer to integrals such as 

and niii is a generic distribution function given by 

(31) 
Entirely analogous expressions exist for all the subscript 
combinations on the 1's in Equation ( 2 9 ) .  Compare Equa- 
tions (9) to (14).  

Define now, by analogy to Equation (15) 

(AEVn)abc Iabc; a, b, C = 1, 2, . . . C (32) 
Equations (29) to (32), plus all the analogous relations, 
give 

B3 
- E ,  = Eq. (16) + 

(33) 
Define now 

[ ( ~ E ~ * ) a a l p u r e  ( AEv* ) ab 
taa = ; tab = 

4. 2 xaqa 
a 

(AEV*)aab C (AEV*)aaalpure 
taab = ; taaa = - c xaqa 9a 

a 

and assume for all compositions and every a = 1, 2 , .  . . C 

[(AE'*)aaIpure - (AEV*)aa 
= taa - 

q a  2 x 4 ,  

4. 2 

a 

I: (a"*)aaaIpure  - (AEV*>aaa 
= taaa - 

a 

Then the cohesive energy may be written 

where 
- E c = ' ( E c )  + 3(&)  

cc kxbqaqbtab 
a b  

B = 

and x x x  XaXbXcqaqbqctabc 
a b c  

BZ "Ec) = 

For a binary 

3 ( E , )  = (x tq1  + xzq2)  [tlllzl f tzzzzz 

- 2 z i z z ( t t i i  -k tzz2) + 3Zi2zz(t1n f tz2?./3) 
+ 3z1z22(t122 + tiii/3) 1 

where 

% =  Gqa ; a = l ,  ... c 
p q a  
a 

is the effective volume fraction of Wohl. For xa = 1.0, 
note that 

~ a ( ~ ( E c ) a )  = xaqataaa = (SXaqa) za taaa. (34) 
The change of cohesive energy upon mixing at constant 

volume is given by 

where 
AEcM = ( aEcM) + ( AEcM) 
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’(AEc‘) = ‘ ( E c )  - - f x a  ( ‘ ( E c ) a )  
= h q 1  + xzq2)  ZlZZ ( t l l  + t z z  - 2 t 1 2 )  ( 3 5 )  

and, using Equation (34) 

3 (  A E M )  == 3 ( E c )  - 2 x a  ( 3 ( E c ) a )  
0 

= ( x l q l  i- xzq2) c- 2zlzdtlrl + t z z z )  1 
f (rlql d- xzqz) [ 3 z 1 2 z z ( h  -!r t Z z z / 3 )  

+ 321%~ ( t i 2 2  -!- t z d 3 )  1 (36) 
Then, to the approximation used in the Scatchard- 

Hildebrand equations ( 3 , 4 , 1 4 )  
F E  =z A E C M  

= Eq. ( 3 5 )  + Eq. (36) 

which is Wohl’s third-order expression 

F E  
2.3RT 

(37) 
where the following definitions have been made to give 
Wohl’s form. 

-= b l q l  3- xzqz) 

[%z Ziz2 -k 3aiiz zi2zz -k 3aizz z1zzZ1 

a112 = Ctl l2  3- t222/31/2.3RT 

a122 = [ t l z z  + t 1 1 i / 3 ] / 2 . 3 R T  
Several comments may be made on the development 

just given. First of all, the sum of the taa and taaa con- 
stants may reasonably be approximated, as in the Scat- 
chard-Hildebrand approach, by the ratio of pure-com- 
ponent energy of vaporization values to qa; that is 

E W V * ) 1 l  + ( ~ V * ) l l l l p “ r e  
tll + tlll = 

41 
The pure-component constants might be estimated on this 
basis. The t l l z  and t l 2 2  constants remain obscure but 
might be fitted separately to data or obtained from some 
combination rule as is done [Equation ( 2 2 ) ]  in the 
Scatchard-Hildebrand approach. The vaporization-energy 
interpretation of the constants might be useful, along 
with the q’s (or their counterparts from a different clus- 
ter-weighting function) to give calculated values for the 
logarithms of the infinite-dilution activity coefficients. 
Then the development made here might be used to give 
some additional theoretical expression of the work of 
Pierotti et al. (9), Deal et al. ( 2 ) ,  and Wilson and Deal 

Second, the pair-cluster constant of Wohl ma be con- 

and the triplet constants al12 and a122 contain some pure- 
component contributions. 

Finally, the particular grouping of constants that led 
to Equation (36) is not unique, because Equation (36)  
could be arranged in several equivalent ways. 

(16) * 

sidered to contain some pure-component trip -Y et effects 

NOTATION 

&j, Q j k  = constants in the Wohl equation 
B = quantity as defined in Equation ( 2 8 )  
GI, = configurational integral for a mixture 
D = quantity as defined in E uation ( 8 )  
E ,  
2 (  E,)  = pairwise-additive cohesive energy 
3 ( E c )  = triplet-additive cohesive energy 
3 ( A E M )  = third-order or three-suffix energy change upon 

= cohesive energy of Scatc B ard-Hildebrand 

mixing 

( a E V * )  abc = incremental cohesive energy of a molecular 

(AE’*)ab = cohesive energy of an (a, b )  pair 
Z = quantity as defined in Equations (9) and (30) 
m = pair potential attraction exponent 
n = pair potential repulsion exponent n z  = generic distribution function, Equation ( 1 3 )  
n:: = generic distribution function, Equation (31 )  
Na = number of molecules of species a in an assembly 
PTP = pair-type-probability function 
qi = Wohl’s effective molar volumes 
r = set of mass-center position vectors for all mole- 

Tij = distance between molecules i and j 
ri = center of mass position vector of system i 
R = gas constant 
tab,  tabc = functions in Wohl development 
T = temperature 
u(r i j )  = potential energy of molecules i and i 
uab(rij) = potential energy of molecules i and j when 

molecule i is of species a and molecule j is of 
species b 

triplet 

- 

cules of an assembly 
- 

U = total potential energy of a molecular assembly 
V = volume of a mole of a substance 
zi = Wohl’s effective volume fraction 
Si = Scatchard-Hildebrand solubility parameter for 

p = pair-potential attraction parameter 
Y = pair-potential repulsion parameter 

Subscripts 
a, b = mixture components 
x = mixture function 

Superscripts 
* = ideal gas state 
A 
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