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Development of the Scatchard-Hildebrand
and Wohl Equations in Terms of Pair

and Triplet Weighting Functions

JOE D. WHEELER and BUFORD D. SMITH

Washington University, Saint Louis, Missouri

A previous paper introduced the pair-type-probability (PTP) function for use in molecular
corresponding states theory. The present paper develops the predictive equations of Scatchard
and Hiidebrand and the correlation equations of Wah! from particular pair and triplet weight-
ing functions for clusters of two and three molecules in o liquid mixture. The cluster-weighting
idea therefore unifies the major prediction und correlation schemes now in engineering use.

In a previous paper (15) the idea of a pair-type-prob-
ability (PTP) function was introduced and preliminary
numerical results were given to show that use of this
idea, together with other flexibilities in molecular cor-
responding states theory, enabled the theoretical equa-
tions to serve as correlating expressions for the thermo-
dynamic properties of highly nonideal mixtures. The
purpose of this paper is to show that the predictive
excess free energy equations of Scatchard and Hildebrand
(4) and the correlation equations of Wohl (17, 18) may
be developed from the i%ea of a probability weighting
function for clusters of 2, 3, . . . molecules in a liquid
mixture, and therefore that the cluster-weighting idea
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underlies the majority of prediction and correlation
schemes now in engineering use. :

The cluster-weighting (or cluster-probability function)
idea enters the various molecular formulations of the cor-
responding states idea (I, 10, 11, 13, 15, 19), the Scat-
chard~Hildebrand equations, and the Wohl equations at
the same point. This point is the expression for the po-
tential energy of a mixture. All the equation schemes re-
ferred to above employ for the mixture a pure-component
form of the potential eneriy function. Except for Wohl
equations of third and higher order (see the discussion
below), the expression used for the mixture potential en-
ergy is the pairwise-additive form,

Uy = 303tz () (1)

i<
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where Uy (1) stands for the interaction between the it
and j®* molecules in a mixture, whatever the species of
these molecules may be. The pair potential iy, () i
given in applied work by some expression containing
empirical parameters, for example, the Lennard-Jones
form

- v,

- aczd 22 ( 2)

(i)™~ (rg)™
Equation (1) is referred to here as a pure-component
form because, as for a pure component, every term in the
summation has the same parameter values.

In all the equation schemes referred to above, the pair
potential u.,(r;) is obtained by taking an average of the
types of pair interactions that are possible in a given
mixture. The weighting function used in this average is
the cluster type of probability function. Where only pair-
wise interactions are considered, the clusters are pairs
and Equation (1) may be expressed as

Ue= 2,2 2,2 PTP(a,b) e (ry)  (3)

i< ab

Uze( Tij )

where ¢ and b are used to identify molecular species and
PTP(a, b) is the probability weighting function for the
(a,b) type of pair interaction, that is, the PTP function
15

In the discussion to follow, the Scatchard-Hildebrand
and Wohl equations for excess free energy will be devel-
oped by focusing attention on the expression for the po-
tential energy of a mixture and by making the assump-
tions usually made in developments of the equations.
Wheeler (I14) gives details of the algebra that are omitted
here. Attention will be limited to binary mixtures solely
to reduce equation bulk.

SCATCHARD-HILDEBRAND EQUATIONS

The Scatchard-Hildebrand formulation may be con-
sidered to employ the following weighting function

PTP(a, b) = ——s272 % (4)

where V, and V, are the molar volumes of components
a and b. The formal lack of resemblance between the
Scatchard-Hildebrand and corresponding states formula-
tions seems to result from the manner in which the ex-
pression for the total potential energy of a mixture is set
up and the procedure used to obtain numerical results.
In any binary misture, there are Ny(Ny — 1) /2 molec-
ular pairs of type (1, 1); there are Ny N, pairs of type
(1,2) and Ny(N; — 1)/2 pairs of type (2,2), where N,
and N, are the numbers of molecules of species 1 and 2,
respectively, in the mixture being considered. The physi-
cal content of the mixture potential energy expression,
Equation (3), is not altered if the terms in the (i,f)
summation are grouped according to which pair type they
are associated with. Therefore, Equation (3) may be re-
expressed, in combination with Equation (4), as

U(r) =_____1 . [22x1x1V1V1#11(ﬁcp)
22 xgxpVaVp b E <P
+ 2 22x1x2V1V2u12(7'cd)
I8
+
22wt | (9)
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where the (k, p) indices are those associated with mo-
lecular pairs of type (1,1), the (c,d) indices apply to
(1,2) pairs, and the (s,t) indices apply to (2,2) pairs.

The usual development (4) of the Scatchard-Hilde-
brand equations does not employ Equation (5) but is
instead expressed in the form of an expected value, — E.,
for the configurational internal (that is, cohesive) energy.
This is given by

L .
~Ee = INer - Joed

U, - _
exp (-— kT) dry ... dry (6)

where CI; is the configurational integral for the mixture
and the integration is over the entire volume occupied by
the mixture.

Insertion of Equation (5) into Equation (6) gives

1
—E.= '1—)? aE; xa.beaVbIab (7)

where

D= 3 xabeaVb——:( >, aVa )2 (8)
¢ b a

and the Iop’s refer to integrals. For example
Inzf ...V‘f 22
k<P

U, ) )
Ull('rkp) €xp (‘——k—f) dry ... din

IIN,! CI,
a

(9)

The = 3 summation in Equation (9) has N{(Ny — 1)/2
k<p

terms in it and Equation (9) will consist of N{(N; —

1) /2 integyals of the form

Us\
f. . .Vfun(rlz) exp(—-ﬁ)drl e dFN

where the term in 3 3 that represents the pair formed

k<p
from the first and second molecules has been used in the
example. Note, however, that the form of the dependence
of U on |re — 73| = 1% is the same for all k < p. There-
fore, the integrands of all N{(N; — 1)/2 integrals are of
the same functional form. The integration limits are the
same for all the integrals. Therefore, all of the Ni(N; —
1)/2 integrals of the form shown above have the same
numerical value. Then Equation (9) may be expressed as

[ Ny(Ny—1)
n=———-"
2

Us\ .
1 (112) exp (—— ——-T—) dry ... dry

f e v-f I Na!kczx (10)
a

By identical argument the analogous expressions for I,
and Iy; may be obtained. These may be written as

112=N1Ngf...vf

U
u12(r12) exp (—?;—,-) dry ... diy

o N,! CI,
a

(11)
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and

o Na(Ma—1)
22 2

U _ _

f f gz (r13) exp ( — 7:%-) diy ... dry
P 12
M N, CI, (12)

It is possible to make the final cohesive energy expres-
sion more compact by using the generic distribution func-
tions for mixtures (5, 7, 10). For example

n12(2) — n21(2)
Us
exp _ ﬁ

=N1N2f"'vf Wd?s...dﬂq (13)
a

Then I3 may be written as

1 S
Ly =— [J:, J:, 13 (r12) n1p @ drydry

+ .’; j:, u21(7'12)"21(2)d171d172] (14)

where the single integral of Equation (11) has been re-
written as hal? the sum of two equal-valued integrals. The
index switching on the pair potentials makes no change
in the integral values and involves no assumption that
potential energy is unaffected by interchange of molecules
between locations because each integral considers all
possible locations of all molecules.

By a definition entirely analogous to Equation (13),
I1; may be written as

Iy =j; j:/_ 1 (r12) Ny D diydiy

This integral has the form of an expected value of the
configurational internal energy of all the (1, 1) molecular
pairs in the liquid mixture, that is, an expected value of
the energy of evaporation of N{(N; — 1)/2 such molec-
ular pairs from the liquid mixture to the ideal gas state
(13). To reflect this interpretation, the following notation
will be defined.

('AEV*)GJJ = Ia,b a, b= l; 2 (15)
Using Equations (13) through (15) plus the analogous
relations for the different pair types in Equation (6), we
can write the mixture cohesive energy as

22 xa%6VaVy (AEY") ap
a b

X x6VeV,
;; artb b

or by Equation (8), plus the usual (4) assumption of
no volume change upon mixing, that is, V = 1;Vy + x2Vy,

—E,=
’A-EV* AEV* o AEV*
2,2V 2 ( 1 + 2o ViVs ( )iz + 2V _(___\7_)2_
X1 V1 -+ Xo V2
(17)

Exact determination of E, from Equation (17) requires
evaluation of the integrals in the various I, expressions.
The service of the Scatchard-Hildebrand approach has
been to provide a prescription, antedating present molec-
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ular corresponding states theory by some 20 years (8,
12) for obtaining numerical results from the theoretical
expressions. The prescription is as follows.
First, define the solubility parameter (4) of compo-
nent 1 by
(811)2 Vl = [(AEV*)II]pure (18)

where the right-band side of Equation (18) is given by
Equatjon (17) with x; = 1.0.
Second, define 8,5 by

(812)2V = (AE"") s (19)
Third, make three assumptions:
[ (AEV*) ll]pure . (AEV*) 11

Vi 1% (20)
[(AEV*)%]pure _ (AEV*)22
Vs = v (21)
and
(312)2 = 811 8 (22)

Equations (17) through (22) give

22 %:%VaVp Baa Bop
b

a

—E,= (23)

2 Ve

a

This is the Scatchard-Hildebrand expression, from which
is derived (3, 4) the free energy relation.

7 Vixg Vs (81— &)2
unVy +xV,

FE

(24)

The viewpoint of the present work is that, aside from
the assumptions made in Equations (20), (21), and (22)
to permit numerical evaluation, the essential feature of
the Scatchard-Hildebrand approach is to use molar vol-
umes to introduce some effect of molecular size into the
theoretical forms.

THIRD-ORDER WOHL EQUATIONS

First of all, it is noted that Wohl’s second-order (two-
suffix) equations may be developed exactly as was Equa-
tion (24) if v, is everywhere replaced by qq, the effective
molar volume, and the fitting constants of the Wohl ex-
pressions are properly defined.

Development of the third-order (three-suffix) Wohl
equations involves addition of third-order terms to the
second-order development. The only thing needed is some
analytical representation of the fact that if molecules of
certain species have a relatively strong tendency to cluster
together amidst the turmoil of thermal motion, triplet as
well as pair clusters should be considered. Representation
of triplet effects are included in the Wohl formulation by
use of a triplet-type-probability (TTP) function analogous
to Equation (4).

XaXvXcaqbqc
2 2 2 XaXbXcGabq e
g b ¢

where the ¢’s are Wohl's effective molar volumes and g,
b, and ¢ index the components of the mixture (a,b,¢ =
1,2....C).

The third-order Wohl equations consider the interaction
of triplets of molecules in a mixture. Development of
these equations may be effected by expressing the total
potential energy of a mixture as

TTP(a, b, c) = (25)
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Ux(T) = 22 tpair (733) + 222 Utrip (7435 Tiks Tic)
j

i< igistk
’ (26)

where trip (755> Tiks Ti) Stands for the incremental poten-
tial energy of the molecule triplet whose mass centers
are located at positions 7;, 7;, and 7. Incremental here
means that tp(ryj, 7w, Tix) represents that part of the
potential energy of the i, {, k triplet that is not given by
summing the pair potentials of the (4,7), (4, k), and (j, k)
pairs. The tpar (ry;) function in Equation (28) has here
the same functional form as the uy,(ry;) in Equation (1),
but the parameter values in the two functions will differ
because Equations (1) and (26) are different expressions
for the same quantity U,. The 4y, function is defined
to have zero value when any two of the molecules in the
triplet are infinitely separated. This definition seems rea-
sonable, because triplets having one member at effectively
infinite separation will contribute to the assembly poten-
tial energy the potential energy of a single pair. But this
contribution has already been included in the 3 3 sum-
i<i

mation. This zero definition for pep, comports formally
with theoretical developments of Kihara (6). These de-
velopments were made for a single triplet of molecules,
and they suggest the form of Equation (26).

To reduce the bulk of the equations to be given below,
parts of them that are formally identical to equations al-
ready developed will be referred to by the appropriate
equation number. In the referenced equations, V should
be replaced everywhere by gq. As with Equation (5), the
terms in Equation (26) may be grouped according to
pair and triplet types, and Equation (25) used, to give

1

PIPIPIE LR

b

222 xS qlu + 3 222 21%x2q12q 3 U110
hm =n o p f
+3 222 X1%32q1qsPt0g + 222 x23q23u222]
rT @ v w oy E

(27)

U.{¥) = Eq. (5) +

Define
B = ggg Xa¥pXcGaGbge = ( Z Xafa )3 (28)

The expression for cohesive energy is Equation (6),
which here may be expressed as

1
—E,=Eq. (7) + 5 [(%191)® Iin
+ 32:°q1°%29s Itz + 3 1191%2°q2® iz + (%2q2)® Ingo]
(29)

where the triply suffixed I's refer to integrals such as

1
qu = -3—[ f “oe j; U112 n§"1’; dﬁdr‘zdfs
+ f e "; Uiay ngg; dfldfzd;:g

-+ f. .. J; U211n;?i dFid’?zdr—g ] (30)
and n{8) is a generic distribution function given by

A® (F TFo 7o) = n® = p®
112 (71,72, 7a) Mo = oy
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(—U,,)

e

_ Ni(Ni— )N, PANTT /) _
- 2 -fj:/ TwNa o O A

(31)

Entirely analogous expressions exist for all the subscript
combinations on the I's in Equation (29). Compare Equa-
tions (9) to (14).

Define now, by analogy to Equation (15)
(AEV*)abc = lgbe; @, b’ Cc= l, 2, ...C (32)
Equations (29) to (32), plus all the analogous relations,

give
22 2 Xa%p¥cGaqqec (AEV*)abe
a b ¢
—E. = Eq. (16) +

B3
(33)
Define now
[ (AEV*)aa]pure (AEV"l ) ab
aa = —_— ab -
Ga 2 Xafa
a
(AEV*) aadb [ (AEV*) aaa]pure
taab = ————; aaa = ————
zxuqa Ga
a
and assume for all compositions and every a = 1, 2,... C
[AE ) dpure  (AE™)ag
- - taa
qa gxafh
[ (AEV*) aaa]pure (AEV*)GM

= = lgaa

qa 2 XaGa

a

Then the cohesive energy may be written
— B¢ = 2(Ec) + 3(Ec)

where
XaXvGaqvlab
22
2 (Ec) = B
and
2 2 2 XoXpXcGaGvqclabe
a b [
8 (Ec) = B2
For a binary

3(E.) = (%191 + 22q2) [t123%1 + ta0022
— 22125 (111 + tao) + 321222 (t110 + £209/3)

+ 3%1%22(t122, + t1u/3)]
where

Za=—202 . 4o, C

2 Xaqa

is the effective volume fraction of Wohl. For x, = 1.0,
note that

%a(3(Ec)a) = %oGataae = (2%aGa) Za toaa (34)

The change of cohesive energy upon mixing at constant
volume is given by

AEM = 2(AEM) 4 3(AEM)
where
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2(AEM) = 2(E.) — 3xq (3(E.)a)

= (x1q1 + %2q2) 2122 (51 + tee — 2t12)  (35)
and, using Equation (34)
8( AEM) = 3(E;) ~ 2xq (3(Ec)a)

= (%191 + %oq2) [— 2212 (¢111 + to22) ]
+ (%191 + %2q3) [324%22(ty10 + t222/3)
+ 321222 (t125 + 1222/3)]  (36)

Then, to the approximation used in the Scatchard-
Hildebrand equations (3, 4, 14)

FE = AEM
= Eq. (35) + Eq. (36)
which is Woh!’s third-order expression
FE

SORT (%191 + %2q2)

[2a15 2125 + 3ay32 21220 + 310 23222} (37)

where the following definitions have been made to give
Wohl’s form.

[ t + toe
(112 = _—é——

@11 = [t139 + L229/3]/2.3RT
323 = [t192 -+ t111/3]/2.3RT

Several comments may be made on the development
just given. First of all, the sum of the #, and fu4, con-
stants may reasonably be approximated, as in the Scat-
chard-Hildebrand approach, by the ratioc of pure-com-
ponent energy of vaporization values to q,; that is

[(AEV*) 11 + (AEY")111]pure

q1

The pure-component constants might be estimated on this
basis. The #;;5 and f;52 constants remain obscure but
might be fitted separately to data or obtained from some
combination rule as is done [Equation (22)] in the
Scatchard-Hildebrand approach. The vaporization-energy
interpretation of the constants might be useful, along
with the g’s (or their counterparts from a different clus-
ter-weighting function) to give calculated values for the
logarithms of the infinite-dilution activity coefficients.
Then the development made here might be used to give
some additional theoretical expression of the work of
Pierotti et al. (9), Deal et al. (2), and Wilson and Deal
(16).

Second, the pair-cluster constant of Wohl may be con-
sidered to contain some pure-component triplet effects
and the triplet constants a;;, and @y, contain some pure-
component contributions.

Finally, the particular grouping of constants that led
to Equation (36) is not unique, because Equation (36)
could be arranged in several equivalent ways.

— tig — t111 — toze ] / 2.3RT

By + b =

NOTATION

@i}, @ijr, = constants in the Wohl equation
= quantity as defined in Equation (28)
CI, = configurational integral for a mixture
D = quantity as defined in Equation (8)
E, = cohesive energy of Scatchard-Hildebrand
2(E.) = pairwise-additive cohesive energy
3(E.) = triplet-additive cohesive energy
3(AEM) = third-order or three-suffix energy change upon
mixing
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(AEY*)gpe = incremental cohesive energy of a molecular
triplet

(AEY") g4, = cohesive energy of an (a, b) pair

quantity as defined in Equations (9) and (30)

|

m = pair potential attraction exponent

n = pair potential repulsion exponent

n® = generic distribution function, Equation (13)

n® = generic distribution function, Equation (31)

« = number of molecules of species 4 in an assembly

PTP = pair-type-probability function

g = Wohl's effective molar volumes

T = set of mass-center position vectors for all mole-
cules of an assembly

ry = distance between molecules i and j

T = center of mass position vector of system i

R = gas constant

tabs fape = functions in Wohl development

T = temperature

u(ry) = potential energy of molecules i and §

tg(ry) = potential energy of molecules i and j when
molecule i is of species @ and molecule j is of
species b

total potential energy of a molecular assembly

V = volume of a mole of a substance

Z = Wohl!’s effective volume fraction

8 = Scatchard-Hildebrand solubility parameter for
species 4

M = pair-potential attraction parameter

v = pair-potential repulsion parameter

Subscripts

a,b = mixture components

x = mixture function

Superscripts

® = jdeal gas state

A = change from state 1 to state 2
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